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ABSTRACT. We consider a reductive dual pair (G, G’) in the stable range with
G’ the smaller member and of Hermitian symmetric type. We study the theta
lifting of nilpotent K¢-orbits, where K’ is a maximal compact subgroup of G’
and we describe the precise K¢-module structure of the regular function ring
of the closure of the lifted nilpotent orbit of the symmetric pair (G, K). As
an application, we prove sphericality and normality of the closure of certain
nilpotent K¢-orbits obtained in this way. We also give integral formulas for
their degrees.

INTRODUCTION

Let (G,G’) be a reductive dual pair in a symplectic group G = Sp(2N,R), where
N denotes the rank of G. Throughout this paper, we will assume that (G,G’) is
of type I, and it is in the stable range with G’ the smaller member (cf. [9, [I8]).
We will also assume that G’/K’ is an irreducible Hermitian symmetric space. By
the classification of irreducible dual pairs, our restriction amounts to saying that
(G,G’") is in the following list (cf. [11]).

TABLE 1. The dual pairs treated in this paper

the pair (G,G’) stable range condition

(O(p,q), Sp(2n,R))  2n < min(p, q)
(U(p,q),U(m,n)) m +n < min(p, q)
(Sp(p,q),0*(2n)) n < min(p, q)

Note that we have excluded the equality 2n = min(p, ¢) in the first case, to avoid
some small technicalities.

Let g (resp. g’) be the complexification of the Lie algebra of G (resp. G') and let
K (resp. K') be a maximal compact subgroup of G (resp. G’). Let

g=tds, g=tayd,
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be respectively Cartan decompositions of g and g’, compatible in a certain way (see
92)).

Notation. Let G be a reductive algebraic group acting on an affine variety X. Then
we denote the ring of G-invariants on the coordinate ring by C[X]“, and the affine
quotient of X by G is defined to be X//G = SpecC[X]“, which parameterizes
closed orbits in X. The affine variety X//G is often called a categorical quotient.

Let Wg ~ R?N be a real symplectic space which realizes G = Sp(2N,R) as a
symplectic group on Wg. There is a canonical complex structure on Wy and we can
view Wr as (the underlying real vector space of) a complex vector space W ~ CV.
The symplectic form on Wg is then given by the imaginary part of a canonical
positive definite Hermitian form on W. By this identification, a maximal compact
subgroup K of G is realized as the unitary group U(W) ~ U(N) on W ~ CV.

We may choose maximal compact subgroups K and K’ of G and G’ respectively,
in such a way that K - K’ is contained in the standard maximal compact subgroup
K~ U(N) of G.

There is a double fibration of W by the moment maps ¢ and :

s WY g,

For explicit realization of these maps, see the Appendix. Here we only mention some
of the important properties of ¢ and ¥. Thanks to the stable range condition, v is
a surjective, affine quotient map by the action of K¢. Thus we have s’ ~ W//K¢.
Furthermore, ¢ : W — ¢’ is flat. On the other hand, the image of ¢ is an irreducible
closed subvariety of s and ¢ : W — (W) C s is also an affine quotient map by
K¢.

Theorem A (Theorem 23)). Take a nilpotent K{.-orbit Q' C N(s'). Then the
scheme theoretic fiber product ~1(Q') = W x4 O is a reduced, closed irreducible
affine subvariety of W. Moreover, it is the closure of a single K¢ x K(-orbit in W.

The above result easily implies that the set (¢ ~1(Q’)) is the closure of a single
nilpotent Kc-oribt O in 5. Thus we have a mapping from the set of nilpotent K-
orbits in s’ to the set of nilpotent Kc-orbits in s, which sends @’ to ©. We call
this mapping the theta lifting and denote it by @ = 6(0Q’). In the language of the
signed Young diagrams, O is obtained from Q' by adding one extra box to each row
at the right end (see Proposition [212)). Thus O is slightly “bigger” than O’.

We remark that T. Ohta has proved the irreducibility and the existence of an
open dense orbit by a totally different (but case-by-case) method ([24], [25]). An-
other recent work by Daszkiewicz, Kraskiewicz and Przebinda [6] proves similar
results by classifying K¢ x K{-orbit in W combinatorially. There have also been
earlier investigations of correspondence of complex nilpotent orbits in [5] and by
S.-Y. Pan for complex as well as real nilpotent orbits.

Our approach is in some sense intrinsic and it is based on methods of algebraic
geometry. More importantly, we hope that it will help to shed light on the geometric
aspects of the theta correspondence. The recent work of two of the authors [22], 23]
are efforts in this direction.

Let C[O] (resp. C[0Q]) be the regular function ring on the closure of O (resp. Q).
We are interested in the Kc-module structure of C[OQ]. One reason for this interest
comes from Vogan’s philosophy of unipotent representations [30]. Very roughly
speaking, it entails that if a unitary representation 7 is to be “associated” to a
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nilpotent orbit @, the regular function ring C[Q] should encode the K-structure of
the representation 7. In the present situation, we will show that the K¢-module

structure of C[OQ] can be described entirely and explicitly by the regular function

ring C[0Q’] and the space of Kg-harmonic polynomials H(K¢) on W. The main
results are summarized in Theorem 210l In particular, we have the following.

Theorem B. We have a Kc-module isomorphism
C[0] ~ (H(Kc) © CO7]) .

It is well known [10] that H(K¢) is multiplicity-free as a representation of K¢ x L
and the decomposition of ’H(K@)‘ Kex L determines a one-to-one correspondence
between irreducible representations of K¢ and L occurring in H(K¢). Here L' =
K’ x K’'. We note that the form of isomorphism C[0] ~ (H(K¢) ® C[07])X¢ bears
strong resemblance to theta correspondence of admissible representations of G’ and
G [11].

In §3] we will give some examples of the lifted orbits and their regular function
rings. We obtain a family of spherical nilpotent orbits and a precise Kc-module
structure of C[0]. We note that they occupy a large portion of the set of all the
spherical nilpotent K¢-orbits, which have recently been classified by D. R. King [16].
As an application we prove normality of the closure of some of these nilpotent orbits,
which are lifted from the smaller group. We also give explicit integral formulas of
their degrees. The result is summarized in Proposition The formulas involve a
certain integral expression, which can be explicitly evaluated.

Theorem C. Let k be a complex number with a positive real part. Then

1 n on(n—=1)/2 T~ L 1T 9
[ pateypa [ = T 0 + 20
ntJo, i=1 F'Bn(n—1)/24+nk+1)

where Dy, (z) = HlSKan(xi —z;), Dy(2?) = H1§i<j§n(x12 - x?), and the region

of integral is given as Q, = {x = (z;)1<i<n | ; > 0,20 x; < 1}

In the Appendix, we describe the explicit form of moment maps and give some
basic properties of null cones. The results in the Appendix are known to the experts,
but we include them because of lack of appropriate references.

1. DIAMOND PAIRS

We review certain structure results related to our dual pairs [I1].

Let Wr ~ R2N be a real symplectic space which realizes G = Sp(2N,R) as a
symplectic group on Wg. There is a canonical complex structure on Wgr and we can
view Wg as (the underlying real vector space of) a complex vector space W ~ C».
The symplectic form on Wy is then given by the imaginary part of a canonical
positive definite Hermitian form on W. By this identification, a maximal compact
subgroup K of G is realized as the unitary group U(W) ~ U(N) on W ~ C¥.

We may choose maximal compact subgroups K and K’ of G and G’ respectively,
in such a way that K - K’ is contained in the standard maximal compact subgroup
K~U(N) of G.

In view of Table[I]l we sometimes write G=G(p, q) for O(p, q), U (p, q) or Sp(p, q).
We denote simply G(k) = G(k,0), which is compact.

From the pair (G, G’), we define another three dual pairs, which form so-called
diamond dual pairs (see [11l §5]). Namely, take the commutant of K in G and
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denote it by M’. Then M’ is also of Hermitian symmetric type and isomorphic to
G’ x G’ containing G’ as the diagonal. The pair (K, M) is a dual pair of compact
type. Also, take the full commutant of K in K, and denote it by L’. Then L’ is a
maximal compact subgroup of M’, and it is isomorphic to K’ x K’ and contains
K’ as a diagonal subgroup. Similarly, define M as the commutant of K’ in G, and
L the commutant in K. Let us summarize this somewhat complicated situation in
Figure [II

—
A
L=L"xL"~ G — & L'=K x K'
A
K=Kt x K~ —— M =G xG

FIGURE 1. The diagram of a diamond pair

An explicit description of the diamond pairs for our three cases is given in [11]
(5.3)]. In the table there, L (resp. L') in our notation is written as M1 (resp.
M'(BD). For convenience of readers, we reproduce the table here (Table B) with
some additional remarks.

TABLE 2. Three diamond dual pairs

(G, Q) M K=K x K~ L=L"x L~ K'
(O(p, q), Sp(2n, R)) U(p, q) O(p)xO(q) U(p)xU(q) U(n)
(U(p,9),U(m,n))) Ulp,a)xU(p,q) U(p)xU(q) (U)xU(p))x(U(g)xU(q)) U(m)xU(n)
(Sp(p, q), O (2n)) U(2p,2q) Sp(p)xSp(q) U(2p)xU(2q) U(n)

M =G xq&, L'=K x K’

Note that M/L is a Hermitian symmetric space (not necessarily irreducible),
and the containment M O G (resp. L D K) may or may not be the diagonal map,
but it is always a symmetric pair.

Recall G = Sp(Wg) and the complex vector space W ~ CV which is identical
to Wg as a real vector space. Then there exists a direct sum decomposition Wg =
W]g @® Wy and correspondingly W = W+ @ W™, which are compatible with direct
product decompositions L = L™ x L™ and K = KT x K~ in the following way. The
subgroups LT and K are contained in the unitary group U(W®). Moreover, the
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pairs (K*,G’) and (L*, K') are dual pairs in Sp(Wi). Also note that L* > K*
is a symmetric pair.
For explicit realization of these decompositions, see the Appendix.

2. THETA LIFT OF A NILPOTENT ORBIT

Let & = Lie (G)¢ (resp. 8 = Lie (K)¢) be the complexified Lie algebra of G =
Sp(2N,R) (resp. K= U(N)). Let & = 8 ® P be the corresponding (complexified)
Cartan decomposition. Note that the complexified Lie group K¢ acts on the Cartan
space P by the restriction of the adjoint action; under this action P breaks up
into P+, each of which can be identified with a copy of the space Sym n(C) of
complex symmetric matrices of size N. The action of k¥ € GL(N,C) ~ K¢ on
P =P+ dP_ ~ Sym y(C) @ Sym x(C) is given by

E-(X,Y) = (EX'k, 'k 'YE™!)  (X,Y € Symn(C)).

Let Opin C P+ be the minimal nilpotent K¢ ~ GL(N,C) orbit in P,.. We
have the identification Op,in = {(X,0) | X € Sym y(C),rank X = 1}. It is also well
known that there is a map

j: W — (O)min
W W w=(wy,...,wy) eCN =W
w —  (fww,0)

by which Opin = Opin U {0} is regarded as a geometric quotient of the space W by
the action of O(1,C) = {£1}, and that the quotient map is K¢-equivariant.

Let us consider the dual pair (G,G’) C G. The maximal compact subgroup K
(resp. K') determines a Cartan decomposition of the complexified Lie algebra g
(resp. g') of G (resp. G'):

g=taos, g=tos,

where € (resp. ') is the complexified Lie algebra of K (resp. K'), and s (resp. s')
is the orthogonal complement of € (resp. ¢') with respect to the Killing form. The
subspace s (resp. §') carries a linear action of K¢ (resp. K(.) via the restriction of the
adjoint representation. Since G'/K’ is a Hermitian symmetric space by assumption,
s’ breaks up into irreducible pieces s’ under the action of K.

We can arrange the Cartan decompositions so that s @ s’ is contained in ‘.
Then the inclusion map s C P (resp. s’ C P) induces the projection P* — s*
(resp. P* — '7). By identifying the complex linear dual 3* (resp. s*, s'") with L
(resp. s, 8') by the invariant trace form of matrices, we obtain two projection maps
P, :B — s and Py : P — s’. The projections restricted to O, will then induce
the so-called moment maps (cf. [24]):

geom. quotient
by {+1}

projection

@ w ©min 5,

¢ - W @min 5/.

These maps are K¢ x K(-equivariant with the trivial Kc-action on s’, and the

trivial K-action on s respectively. Also we can (and we will) choose the subspaces

s’y C s and W+ C W so that ¢(W=) C s’ holds (cf. I for the notation W¥).
For a set S C P8, we denote by N (S) the subset of all nilpotent elements in S.
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Lemma 2.1. We can choose Cartan decompositions and moment maps so that the
following conditions hold:

(1) ¢ is an affine quotient map by K¢ onto s, i.e., s’ ~ W//Kc¢.

(2) ¢ is an affine quotient map by K onto its closed image.

(3) e(¥~H (N (s")) C N(s).

Remark 2.2. For part (1) to hold true, we only need to have the following conditions:
min(p, q¢) > n for (O(p,q), Sp(2n,R)), min(p, q) > min(m, n) for (U(p, q),U(m,n)),
and min(p,q) > § for (Sp(p,q),0*(2n)). They are much weaker than the stable
range condition.

Proof. To show that ¢ : W — s’ is an affine quotient map, it suffices to show that
1 induces an algebra isomorphism C[s'] ~ C[W]X¢  where C[W]¥¢ denotes the
space of invariants of the polynomial ring C[W]. Clearly, it suffices to show that
the restrictions ¢|W . induce algebra isomorphisms Cls’ ;] ~ (C[Wi]KCi .

Similarly, statement (2) asserts that the induced algebra homomorphism ¢* :
C[s] — C[W] maps C[s] onto the Kf-invariants C[IW]*¢. Note that the closed sub-
variety Im ¢ C s is then defined by the ideal of relations of generators of invariants,
or in other words, the kernel of *.

Explicit constructions of moment maps for each case of the three dual pairs in
Table [I] are summarized in the Appendix. From the explicit formulas given there,
the statements (1)—(3) follow easily from classical invariant theory [31]. O

Using the moment maps, we shall define the theta lift of nilpotent orbits from
N(s') to N(s). Before that, we review the following well-known result due to
Kostant.

We consider the null cones

(2.1) Ny )W, o = () 1(0) C W,

where 1* : W+ — s/, is the restriction of ¢ to W*. Let J* C C[W*] be the aug-
+

mentation ideal generated by homogeneous invariants (C[I/Vi]fC of positive degree,

and let J = C[W]Ke . C(W]=J*t @ J.

We observe that the stable range condition implies that

(1) J* is the ideal in C[W¥] vanishing on M* and J* is prime;
(2) The single KZ-orbit of generic elements of M* is dense in M*.

See for example Proposition 3.7.3.7 and Theorem 3.8.6.4 in [12], and references
therein. Some relevant properties of the null cones may also be found in the Ap-
pendix.

As usual, we denote by H(Két) the space of harmonic polynomials on W (under
the action of Kg). Similar notations apply throughout this article. Applying
Kostant’s criterion [17], we get

Theorem 2.3. Let (G,G’) be in the stable range (see Table[l) with G’ the smaller
member, and consider the dual pairs (K*,G") in Sp(Wﬂit). Then with respect to
the action of Ké[, we have a tensor product decomposition of C[W*]:

CIW*] ~ H(KE) @ CW=)Ke .
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Corollary 2.4. We have
C[W] ~ H(Kc) ® C[W]Xe ~ H(K¢) ® C[s'].
Consequently, the moment map ¥ : W — s’ is flat.

Proof. Note that the induced map * of the moment map ¢ is just an inclusion:
Y* 1 C[s'] ~ C[W]¥e — C[W]. Since C[W] ~ H(K¢) ® C[s'], it is free over C[s'].
This implies that 1 is flat. O

We are now in a position to prove

Theorem 2.5. Take a nilpotent K(.-orbit @' C N(s'). Then the scheme theoretic
fiber product =1 (Q') = W x¢ O is a reduced, closed irreducible affine subvariety
of W. Moreover, it is the closure of a single K¢ x K¢-orbit in W.

Proof. Let us prove that the fiber W x4 O’ is reduced. For this, it is enough to
show that the fiber of each closed point in s’ is reduced. Namely, we prove the
following lemma.

Lemma 2.6. Let x € s’ be a closed point. Then the scheme theoretic fiber =1 (z) =
W xg {x} is a closed, reduced and irreducible affine subvariety of W. Moreover, it
is the closure of a single K¢-orbit.

Proof. The scheme theoretic fiber is defined by W x4 {z} = Spec (C[W] ®¢s] Cs) -
Here C, = C[s']/m, ~ C, where m, denotes the maximal ideal corresponding to
the closed point z. Put A, = C[W] ®c[s) C,. We are to show that A, is an
integral domain. The proof is based on the general argument about deformations
of homogeneous integral domains.

Let us recall the tensor product decomposition C[W] = H(K¢) ® C[s]. Thus, if
we abbreviate H = H(Kc), we can identify

Ay = C[W} ®C[5’] C,=H®C; ~¥H.
However, note that H is not an algebra but it only enjoys a structure of K¢ x K-
module. Since H is a graded subspace of C[W], it is naturally graded by the

ordinary degree of polynomials. We denote the grading by ‘H ~ &, -, Hx. Then,
A, becomes a filtered algebra by putting B

(Ae)i =Y Hik®1CH®Cp = A,
k<i
Now assume that A, is not an integral domain. Then there are non-zero elements
a,b e A, such that a-b = 0. Let us express a and b as
d d
a=» a;@1eH®Cy; b=) bjoleHRC,
i=0 j=0
with ag # 0 and by # 0. Then ab = 0 implies (agby) ® 1 € (Az)gtar—1, but
this is impossible. To see it, observe that the null cone M = N x N~ is defined
by the augmentation ideal J which is prime, and so 91 is irreducible. Note that
CM] = C[W]/J ~ H. Since agby ¢ H by the irreducibility of the null cone, we

have
d+d' —1

ag by ®1¢ Y MHi®Co = (As)ara1,
k=0
which is a contradiction.
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Next, we prove that the fiber 1~!(z) contains an open dense Kc-orbit. Put
M = ¢~1(x) and denote by M the asymptotic cone of M (see [20, §5.2] for the
definition of asymptotic cone). Then, by the flatness of 1), the asymptotic cone M
coincides with the null cone 91. Let O be a generic Kc-orbit in M. Consider the
cone CM generated by M in W, then it is clear that the dimension of a generic orbit
in CM is equal to dim O, which in turn coincides with the dimension of the generic
orbit in CM C W. Since M = M C CM, the dimension of a generic orbit in
cannot exceed that of O. Note that 91 has an open dense orbit (see the Appendix
for details). This means that dim©® > dim9. On the other hand, we have an
equality dim M = dim M = dim M of dimensions, hence dim O > dim M. Since
O Cc M, we conclude that dim O = dim M, and that O is an open dense orbit in
M, by the irreducibility of M just proved above. O

Let us return to the proof of Theorem

By K{-equivariancy of ¢, we get v ~1(Q') = K[ - ¢~ '({z}) for any x € 0.
Consider the multiplication map K{ x ¢~ *({z}) — 1 (Q’). Since K x ' ({z})
is irreducible by the above lemma, 1 ~1(Q’) is also irreducible (as an image of an

irreducible set). Therefore its closure ¥~1(0Q’) is irreducible. Since the moment
map ¢ is flat by Corollary [Z4] it is an open map ([8, Ex. (II1.9.1)]). Thus we

conclude that ¢~1(0Q’) = ~1(Q’) is irreducible.
By Lemma 2.6 1)~ !(z) contains an open dense Kc-orbit O,. Then the union of
K[-translates K¢ - O, is dense in ¢~1(0'). Thus K[ - O, = = 1(0') = ¢~ 1(0),

which means that K(. - O, is open in ¢~ 1(Q). O

Remark 2.7. As mentioned in the Introduction, T. Ohta proved the irreducibility
and the existence of an open dense orbit by a totally different (but case-by-case)
method ([24], [25]). In fact, his method is applicable beyond the stable range.
However, outside the stable range, things get much more complicated and the same
statement of the above theorem is no longer true.

From the above theorem, we see that o(p~1(0)) is a Kc-stable irreducible closed
set in s. Since p(1p~1(Q’)) is contained in the nilpotent variety A'(s), which has
only finite number of K¢-orbits, it must be the closure of a single Kc-orbit Q.

Definition 2.8. Let Q' C s’ be a nilpotent K(-orbit. Then 1~1(Q’) is a closed,
irreducible affine subvariety in W. The image ¢(1~1(0")) is the closure of a single
nilpotent Kc-orbit in s, i.e., ¢(1»~1(0’)) = O for a certain nilpotent Kc-orbit Q.
We call O the theta lift of O', and denote it by 6(0Q’).

We introduce some notation. For any complex reductive Lie group E, let Irr(E)
be the set of equivalence classes of irreducible finite dimensional representations of
E. Given a (completely reducible) representation of F on U, let Irr(F;U) be the
subset of Irr(F) which appears in U.

We now recall some standard results of Howe [I0]. As noted in the Introduction,
the space of harmonics H(KZ) is multiplicity-free as a representation of K& x K.
Furthermore, the decomposition

&
(2.2) H(Kg)‘Kngé o~ Z o T
o€lr(KdyH+),7€lr (KL HT)
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determines a one-to-one correspondence between o € Irr(Kg sHT) and 7 €
Irr(K{; HY), where we abbreviate H(K/) to H*. Here (and in the sequel) o X 7
denotes the tensor product of o and 7, viewed as a representation of Kg x K¢ (the
external tensor product). Similar statements apply to H (K¢ ).

We shall abbreviate R*(K() = Irr(KL;H(KZ)) in the following. Under the
assumption of stable range, one can explicitly check that 7% € RT(K(.) if and only
if 7 € R™(K(), where 7% denotes the contragredient representation of 7 € Irr(K”).
So we put

(2.3) R(K¢) = RY(K¢)" = R™(Kg).
To summarize, for each 7 € R (K[), there exists a unique o € Irr(KéE) such that
Hom KCi xKé(o— B, H(Ké)) 7é 0.

We denote this o by o (7), specifying the dependency of 7 and the sign 4. Then,
we can rewrite (2.2]) and its sister statement as

(2.4) H(KL) ~ Z® o (T*)®7*  and H(KZ) ~ Z@ o (T)KT.
reR(KL) reR(KL)

Remark 2.9. By the theory of highest weight, we may identify R(K() with a cer-

tain semigroup in the integral weight lattice of K. We note that in an explicit

realization, the semigroup R(K{.) may be identified with a set of partitions, and it

is saturated. The explicit decompositions in ([24]) are well known. See [I4] for the

orthogonal and unitary cases, or [12] in general.

Theorem 2.10. Let (G,G’) be in the stable range (see Table[ll) with G’ the smaller
member. For a nilpotent K(.-orbit Q" C N(s"), denote its theta lift by O = 6(0Q’).
Put Z(0") = ¢~ Y(Q'). Then the closure O is an affine quotient of Z(Q') by K.

0~ =(0)//K¢.

Moreover, the Kc-module structure of the regular function ring of O is given in
terms of Q' as follows:

C[0] ~ (H(Kc) ® C[O7])"°
% Hom . (m @ 75, CO) @ (0 () Mo~ (72)),

T1,T2 €R(KL)

1

(2.5)

1R

where ot (11) Ko~ (12) is an irreducible representation of K¢ = K& x K& given in
2.4), and Kc acts on the space of multiplicities Hom ¢, (11 ® 73, ClO)) trivially.

Proof. The assertion that O is an affine quotient follows from general theory of affine
quotient maps because ¢ itself is a quotient map, and Z(0Q’) is a K(-invariant, affine
closed subvariety of W (cf. [20, Prop. 3.3]). B

Next we prove the statement on the module structure of C[O]. By Theorem 2.7
we have
~ (CW*] @ CIW™]) ®cjs, acys | ClO]

(2.6) ~ (CIW] @eey) CIO]) @iy (CIW ] @cger) CIOT)) -

1
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Note that C[W*] ~ H(KZ) ® C[WE]KE and C[W*]XE ~ C[s/.] by Theorem
Therefore we have

CW ] ®ciey,) ClOY] = (H(KE) @ CIWHFE) @cpey) CO7] = H(KE) @ CIOV),
and (26) becomes
(H(KZ) © ClO]) ®cor) (H(Ke) @ C07]) ~ (H(KE) @ H(K)) @ ClO7].
Since ¢ is an affine quotient map by the action of K¢, we have

C0] ~ CE(0)]*¢ ~ ((H(KE) @ H(KZ)) & C7])

(&) o ’
~ S (0" R ® (07 () Bn) @ ClO7])
Tl,TZeR(Ké)
@ —\ K _
~ Z (i @ ®C[0]) “® (6 (rf) Ko~ (12))
T1,T2 €R(KL)
~ ZEB HomKé(ﬁ@)T;,(C[@])@(UJF(TT)XCT*(TZ))
Tl,TZeR(Ké)
The theorem follows. (]

Let us briefly describe our orbit correspondence in terms of signed Young dia-
grams. See also [24], [25], [6].

Since our G or G’ is either Sp(2n,R), O(p,q),U(m,n), Sp(p, q) or O*(2n), their
nilpotent Kc-orbits are classified by the signed Young diagrams. See, e.g., [4, §9.3]
for the classification in the case of classical Lie algebras. We reproduce it for the
readers’ convenience.

Lemma 2.11. The nilpotent Kc-orbits for a symmetric pair (G, K) are in one-to-
one correspondence with the following signed Young diagrams:

(1) G = Sp(2n,R): diagrams of size 2n with any signature in which odd rows
begin with + and occur with even multiplicity.

(2) G = O(p,q): diagrams of size p + q with signature (p,q) in which even rows
begin with + and occur with even multiplicity.

(3) G =U(m,n): diagrams of size m + n with signature (m,n).

(4) G = O*(2n): diagrams of size n with any signature in which odd rows begin
with +.

(5) G = Sp(p,q): diagrams of size p + q with signature (p,q) in which even rows
begin with +.

Proposition 2.12. Let Q" be a nilpotent K(-orbit in N(s'), and O = 0(Q') its
theta lift. If Q' corresponds to a signed Young diagram X, Q corresponds to A
which is obtained by adding one box to the right end of each row (including empty
ones) of N'. The signature of the added boxes are completely determined by the
requirement that \ is a signed Young diagram for (G, K).

Proof. We note that the stable range condition ensures that we can always make
A out of ) by adding a box in each row. Then the proof is based on a case-by-
case calculation, using explicit realization of moment maps in the Appendix. Since

we know that ¢(~1(0)) = Q, we only need to take a representative of O’ and
examine a generic element in (¥ ~1(0")). O
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3. LIFTING OF HOLOMORPHIC NILPOTENT ORBITS

We apply Theorem to the lifting of the so-called holomorphic nilpotent
orbits. In the process, we get a family of spherical orbits and prove normality of
the closure of certain lifted orbits. This application reproduces some of our previous
results ([19], [20], [22]) as well. In the following, we use the notation in Theorem
210 freely.

Let us consider the orbit decomposition of §’, by the adjoint action of K. Any
K(-orbit in s, is clearly nilpotent. We call these nilpotent orbits holomorphic. It is
well known that s/, is a prehomogeneous vector space, and there exists a numbering
of Kl-orbits 0)),Q1,...,0] in such a way that Q}_; C O’ for 1 < i < [. Here [ is
the real rank of G’. As a consequence, Of = {0} and @; =5’ , ie., O] is the open
dense orbit in s’,. The orbit @ is called regular, while the orbits {O} }o<x<; are
called singular.

3.1. Trivial orbit. We first consider the trivial orbit O’ = Qf = {0}. Then, the
lifted orbit @1 = 6(Q'!) is a two-step nilpotent orbit in N (s) (cf. [19]). The orbit
0! corresponds to the following signed Young diagrams:

O(p,q) = A= [(+=)"(—+)"(+)P2(—)172"],
Ulp,a) & A= [(+=)™(—4)" (+)p(mm) (o=,
Sp(p,q): A= [(+=)"(+H)P (=) "].

‘We have

Theorem 3.1. The group K¢ acts on O multiplicity-freely. As a K¢ = Kg x K¢ -
module, we have

(3.1) cor = Y7 ot Ro ().
TER(K()

Proof. Since C[0'1] = C, by Theorem 210, we get

__ ®
ClO1] ~ Z Hom Ké(T1 ®7,0)® (0+(7'1*) X O'_(TQ)).
Tl,TZeR(Ké)

But, by Schur’s lemma, the multiplicity Hom KL (11 ® 75, C) is not zero if and only
if 71 = 79, in which case it is C, i.e., the multiplicity is one. O

Recall that an orbit O is called spherical, or more precisely Kc-spherical, if a
Borel subgroup of K¢ has a dense orbit in @. This is equivalent to saying that
K¢ acts on @ multiplicity-freely (i.e., C[O] decomposes without multiplicity as a
Kc-module).

Corollary 3.2. The orbit Q! lifted from the trivial orbit is spherical. The closure
Q? is a normal variety.

Proof. The claim that Q! is spherical follows directly from the above theorem. The
normality follows from [29, Th. 10]. O
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3.2. Regular holomorphic orbit. Let us denote by OF = 6(0}) the theta lift
from the regular holomorphic orbit @] C s,. The orbit O} corresponds to the
following signed Young diagram:

O(p.q) : A=[(+=+H)"(+)" (=),

Ulp,q) = A= [(+=H)"(F=)" " (H)P~ ()] (m > n),

_ =)D ) ()rn (<)) (= 204 1),
L MR () (n=210).
For the regular orbit, we have
2(0) =y 1 (0)) =¥ () =W x 7,

where ¢y~ = 9|, and N~ = (=) 71(0) C W~ is a null cone. Thus Theorem 210
yields the following

Sp(p,q) :

Lemma 3.3. Let OF C N (s) be the theta lift of the regular holomorphic orbit O],
which is open dense in s . Then its closure is an affine quotient of W+ x M~ by
K¢,

Of ~ (W+ x N°)//KL.

Let us recall (§I)) the compact group LT whose action on W+ commutes with
that of K'. In fact, (LT, K') forms a dual pair in Sp(Wy"). Let

(3.2) = Y Ry
Telrr(K{;C[WH])

be the decomposition of C[W¥] as an LT x K’-module. Here p*(7) € Irr(LT)
corresponds to 7 € Irr(K’) via the above multiplicity-free decomposition. Note

that C[W] ~ H(K{) ® CWH5¢, and so Irr (KL CIWH) = Ir(KEH(KS)) =
R(K{)*. We may therefore rewrite (3.2)) as

52
(3.3) CIWT] ~ Z pt (") R
reR(KL)
Note that LT is a unitary group containing K1 in each of the three cases, hence
its complexification Lfcr is isomorphic to a general linear group. Since the action

of L('C|r commutes with that of K¢, Lé x K¢ naturally acts on the affine quotient
space

(W x M) J/Kf ~ O,

extending the action of K¢ = K& x K. Note that the orbit O itself does not
admit an action of Lé x K¢, but its closure does.

Theorem 3.4. The group Lg x K acts on the closure ([)Tlﬁ multiplicity-freely. As
a L(JCr x K¢ -module, we have

(3.4) clofl~ Y7 st Eo(n).

rER(KL)

Consequently, the closure (DT{L is Lé x K¢ -spherical, and it is a normal variety.



LIFTING OF NILPOTENT ORBITS 2725

Proof. We have

Cof] ~ (CWH] @ C )™
ST rmrg)e( Y a*(m)m))}%
T1ER(KY) T2ER(K()

ZGB pt () Ro™ (7).

TER(K()

12

12

The normality follows from [29, Th. 10], since ZR(K() N Q1 R(K¢) = R(Kg). O

3.3. Degree of nilpotent orbits lifted from holomorphic orbits. As an ap-
plication of the explicit decomposition formula of the function ring of nilpotent
orbits, we give an integral formula of their degrees.

Since a nilpotent orbit @ C s is a cone, we naturally consider it in a projective
space P(s). As a projective variety, the closure P(Q) in P(s) has a degree. We shall
denote this degree by deg O by a slight abuse of notation, and we call it the degree
of the nilpotent orbit @. We refer to [28] §V.4.2] for the definition of the degree of
projective varieties. See also [§].

To state our result, let us introduce some notation. We denote by A = A(X,.) an
irreducible root system of type X, = A,_1, B, C,, D,.. We realize A in a standard
way (see [2, Planche I-IX]), and choose a positive system A1 as A1(A4,_ 1) =
{ei—eg |1 <i<j<rh ATD,) ={eite |1 <i<yj<r} AT(B,) =
AT(D)U{e; |1 <i<rh AT (C,) = AT(D,)U{2 |1 < i < r}. As usual,
P = PX, = Y aca+ @/2 denotes the half sum of positive roots, and we fix an
invariant inner product {(a, 3) on the root space which makes {¢;} an orthonormal
system. For fixed n < r, we put

AF(X,) ={ae AT(X,) | (a,&)=0(1<i<n)}, and
(I)Jr(Xr) = A+(Xr) \ Ai(XT),

and for m+n <r,
®F (A1) ={ei—g; € AT (A1) i <morr—n<j}
We introduce the difference product D, (z) on a multi-variable x = (z1, ..., 2,)
defined by
1<i<j<n
We abbreviate Dy, (%) = D, (z%,...,22). Finally, set
Q= A{z = (z5)1<i<n | 2 > 0,20 2 < 1}

Proposition 3.5. (1) Case O(p,q) x Sp(2n,R) (2n < p,q): Putr = [p/2],s = [q/2]
and X = B or D (respectively Y = B or D) according to whether p (respectively
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q) is odd or even. Then the degree of the nilpotent orbit is given by

1 n o
degO' = — ] (px,0)7" I <pysvﬁ>’1/ [Dn(@®)P? IT 27" da,

]
T edt(x,) Bed (V) Qn

— 1
degOf = — I (px,. ™t I (pa,. 87"

Tac®f (X,) BEDT (Ag—1)
n
-3
X / Dy (22) Dy (2)] T] 22+ da.
Qn i=1
(2) Case U(p,q) x U(m,n) (m+n <p,q):
_ 1 _ _
degO' = —— I1 (pay, 1 ) I1 (pag_1,B8)"
m:mmn.: + +
ae@m‘n(Ap—l) ﬂe‘bmm,(Aq—l)
x / 1D (@) 1Dn () T (i +95)? T] 227420 T o220 dgay,
1<i<m i=1 j=1
Qm X 1<j<n
— 1 _ _ _
deg@? = minl H <pAp717a> ! H <pAq717ﬁ> ! H <pAq717’7> !
T aedd n(Apo1) BEDH (Ag_1) veat (Ag_1)
x / Do (@)D (p)* T (s + ) T] 2?70 B I 2t 2 gy,
1<i<m i=1 j=1
D X 1<j<n

(3) Case Sp(p,q) x O*(2n) (n < p,q):

- 22n
degOt = ~— T[] (pc,,a)™" II (pc,.B)~"
Cacdt (Cy) BeEDT(Cy)
> / |Dn(l‘2)‘2 H w?(p+q)f4n+2dx’
n i=1
Oh 2" -1 -1
Cleg(O)l = . H <pCp7a> H <pA2q—17ﬂ>
n: acdF (Cp) BEDE (Azg_1)
X / |Dn(x2)Dn(x)| I1 xf(erq)_g"de.
Qo i=1

Proof. Since we know the K¢-decomposition of the regular function ring, we can
formally express the Poincaré series by using Weyl’s dimension formula. The degree
e is encoded in the top term of the Hilbert polynomial Hg(t), whose degree coincides
with d = dimP(0). Thus, we have e = d!lim;—, o, Hg(t)/t?, which is essentially
expressed by a Riemann integral (the limit of a Riemann sum). This machinery is
explained in [I5] §2.2]. We omit the details. d

Let us evaluate the following integral, which appears in the above proposition.

Theorem 3.6. Let k be a complexr number with a positive real part. Then

1 " on(n=D/2 11" Vil D(k + 2i)
) = D, (z®)D Fldy = =0 .
(3:5) n! /Qn n(@) n(l‘)zl;[lwz da I'Bn(n—1)/24+nk+1)

Proof. Setting f(z) = D, (2%)D,(x) [[_, 2" and using its homogeneity, we see
that

(3.6) F(ot—i—l)/Q f(sc)da::/Q o )f(sc)s“e_sclavds7
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where ¢ = 3n(n — 1)/2 + nk. By making a change of variables: y; = sz;, t =
(1 -1, x;)s, we obtain

B8 = / Fly)e” =iz vie dydt = / Fly)e= i vidy,
(0,00)m+1 (0,00)™
By expanding the term D, (y*)D,,(y) in the expression of f(y), 0) becomes

ngn Sgl’l H/ o'(z —1)+(r(71)—1)+r—1 _yldy

= n! det(T'(2i +j+ Kk —3))ij=1,.n

n—1

=n! [ T(s+ 20) x det (2 + 5 —2);-1), ;1.
i=0
where (¢) = c(c +1)---(c+ k —1). The last determinant is computed to be
on(n=1/2 1" z' Formula (3.8 thus follows. O

Remark 3.7. By a similar argument, we have
1 G T17-) Tk + 24)
- D, 2)\2 K ld — i=0
'/ G sz T T — 1)tk + 1)
x det ((:‘ﬂ? + 21 — 2)2j72)‘

i,5=1,....,n "

The last determinant depends on s polynomially and seems to have no simple
expression. This suggests that O! may have a more complicated structure than
that of OF.

4. APPENDIX

In this Appendix, we will give an explicit construction of moment maps ¢ and
1, and establish some basic properties of null cones and harmonics.

4.1. O(p,q) x Sp(2n,R) (2n < min (p,q)). This case is already treated in [19]. For
convenience of the readers, we reproduce the synopsis of the arguments, and at the
same time we improve some of the statements there.

Put G = O(p,q) and G' = Sp(2n,R), and assume the stable range condition
2n < p,q. We denote

M =U(p,q) D G =0(p,q) M’ = Sp(2n,R)? % G' = Sp(2n,R)
U U U U
O e -
L=L"xL D K=K"xK L' = K' x K’ % K/:U(n)

= U(p) x U(q) =0(p) x O(q) = U(n)?

In this diagram, the vertical containment means respectively maximal compact
subgroups, and A denotes the diagonal embedding. Put

W = My (C) = {(g) | A€ My, (C),B ¢ Mq’n(C)}
=WteW™ = M,,(C)® M,,(C).
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The complexification K¢ = O(p, C) x O(g, C) acts on W via the left multiplication,
and K = GL,(C) acts on W as

g- <g) = <l§4gt_~"1> , g€ GL,(C).

We fix a Cartan decomposition g = €@ s (resp. g’ = ¢ © ) as

(Altp((C)‘ 0 ) ( 0 \Mp’q(C)>
g=o(p+q,C) = 0 ® =tds,

| Alt,(C)) ~ \'Myy(C) | 0
, B Mn((C)‘ 0 0 ‘Symn((C) o
9—5P(2n,(c)—( 0 ‘tMn((C)>@<Symn((C)‘ 0 >—?@5.

Thus, we can identify s = M, ,(C) and s’ = s/, ® s’ = Sym ,,(C) ® Sym ,(C). The
moment maps are explicitly given by

¢:W3<g)r—>AtB€5, 1/):W9<g>r—>(tAA,tBB)€5'

These maps are clearly K¢ x K(-equivariant if we define the trivial Kc-action (resp.
K(-action) on s’ (resp. s). In the language of algebra, ¢ is induced by

“(2i4) Zal kbj ks Z = (z) €5, <g) = <EZZj))> ew,

and it is well known that ¢*(z; ;)’s generate G L, -invariants (C[W]Ké. This shows
that ¢ : W — s is an affine quotient map onto its closed image: § D (W) ~
W//K(. Similarly, v is induced by

!
x’L j § ag 1ak,], (xi,j) € 543

(i) Z buibrj, Y = (yij) €

Again, ¥(z; ;)*’s and 9 (y; ;)*’s generate the O(p, C) x O(q, C)-invariants C[W]¥¢c,
which proves that ¢ : W — ¢’ is an affine quotient map. By the assumption of
the stable range, 2n < p, g, it is easy to see that ¢ : W — s’ is a surjection, hence
5~ W//KC

Let us consider the null cones

M=y~ ') cW, N5 =@F)7(0)c W=,
where 1 : W+ — g/, is the restriction of ¢ to W=.

Proposition 4.1. Assume the stable range condition 2n < p,q.

(1) The null cone M = NT x M~ is an irreducible normal variety, which is of
complete intersection in the set theoretic sense.

(2) There are finitely many K¢ x K¢-orbits in N, which are completely classified
by the ranks of each component in ME. Among them, there is an open dense
K¢ x Kg-orbit Oy, which is a single Kc-orbit. Moreover, the singular locus
coincides with M\ Oy, n, which is of codimension > 2.
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(3) The regular function ring C[N] is isomorphic to the harmonics H(Kc) ~
HY(KS)@H ™ (Kg) as a Ke x Ki-module. Its decomposition is explicitly given as

(&) n) % _ _ o (&) n
COT ]~ MY (KL ~ > oMM C ~ H(KD) ~ 3 PR,
AEP, AEP,

where P, denotes the set of all the partitions of length < n, and T/E") (resp. af\p)) 18

an irreducible finite dimensional representation of GL,, (resp. O(p,C)) of highest
weight \.

Remark 4.2. (1) In [I9], the orbit decomposition of the null cone is carried out for
K¢ x L, though it is more natural to consider K¢ x K(-orbits. In fact, their orbits
are the same (under the assumption of stable range). Also, in [19], the normality
is proved when 2n 4+ 2 < p, q. Here we improve it, and there is no more restriction
other than the stable range condition.

(2) Tt is rather subtle to specify the representation O'E\p ) because O(p,C) is not
connected. For this, see [I2, §3.6.2].

Proof. 1t is straightforward to check the claim for the K¢ x K{--orbit decomposition
in ([@I)) directly by calculation. Let us denote O, s = O;F x O; € N, where

Of ={AeM,, | 'AA=0,rank A =1} C N,
O; ={B€M,, | "'"BB=0,rank B=3s} CN".

Then O is a KE x K-orbit, and O, , is a single K¢ x K{-orbit. Since they are
classified by rank, the orbit of the largest possible rank O, , is open dense in .
This implies that 9t = m is irreducible. In fact, O,, , is a single Kc-orbit. This
follows from the Witt theorem.

Explicit calculation of the rank of differentials of the defining equations of
*(zi;)’s and ¥*(yi;;)’s tells us that a point from M\O,, ,, is singular. Since

nn+1)
2 b

n(n +1)

dim Nt =np — 5 ,

dimN~ =nqg —
we have codim 9t = n(n+1), which is equal to the number of the defining equations.
This proves that 91 is of complete intersection.

The dimension of the K& x K{-orbit in M* of rank r is given by

r(r+ 1).

dim O =r(p+n) —r* — 5

From this formula, we can easily show that codim (M\O,, ,,) > 2.

By Kostant theorem (see [3}, Th. 2.2.11], for example), we know that the defining
radical ideal of M is generated by ¢*(z;;)’s and ¥*(y;;)’s, which are basic invariants
of O(p,C) x O(gq,C). This means that

CI = CIW]/ (4" (w35), " (y35)) = CIW]/CIW] - CIWE® = H(Kc).

The decomposition of H(K¢) is given in [12, Th. 3.7.3.1 & Cor. 3.7.3.6]. See also
[7] and [14]. By the same theorem of Kostant, the null cone 91 is normal. Also, M*
are normal varieties. d
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42. U(p,q) x U(m,n) (m+mn < min(p,q)). Put G = U(p,q) and G’ = U(m, n),
and assume the stable range condition m + n < p,q. We denote

A
M =U(p,q)? >\ G=U(p,q)

U U
A
L=L*"xL =U(p?xU(q)? O K=K"xK =U(p)xUl(q)

Here A denotes the diagonal embedding. Similarly, we denote M’ G', L', K’ re-
placing p and ¢ by m and n respectively. Put

A B
W= Mp+q,m+n((c) = {(O D) | Ae Mp,'rmB € Mp,na Ce Mq,ma De Mq,n}
=Wrew™ = p,ern((C) © M, ,m+n((c)~

Then K¢ = GL,(C) x GLy(C) and K = GL,,(C) x GL,(C) act on W as

A B\ [ gAh tg,~'Bhy!
((91792)7(h17h2))' (O D) - (tgzlcvhl—l gthhQ ’

(91,92) € GL,(C) x GLy(C), (h1,h2) € GL,(C) x GL,(C).

We fix a Cartan decomposition g =€ @ s as

o (MO 0 MO _,
g=2g0,,C) = 0 ‘Mq((C) N Mq’p((c)‘ 0 o

The Cartan decomposition g’ = ¢ @ s’ is chosen similarly. We identify

s = M, ,(C)® M, ,(C), s = M0 (C) & My (C).

The moment maps ¢ and @ are explicitly given by

A B
p:W> (C D> — (A'C,D'B) € s,

A B
W 3 <C D> — ("AB,'DC) € 5.

These maps are K¢ x K¢-equivariant with the trivial Kc-action on s’, and the trivial
K(-action on s respectively. The maps ¢ and 1 are almost the same. Therefore we
will treat only the map % in the following.

The map 9 induces an algebra homomorphism 1) : C[s'] — C[W] by

p q
H(rig) = akabrgs Ut (Wig) =Y cidia,
k=1 =1

where (z; ;) and (y; ;) are coordinate functions on (X,Y) € M,, ,,(C) x M,, ,,(C) =
§’. Then the GL,-invariants (resp. GL,-invariants) on C[W™] (resp. C[W~]) are
generated by v (xz; ;)*’s (resp. (v ;)*’s). Hence ¢ : W — ¢’ is an affine quotient
map by K¢, which is surjective under the condition of the stable range. Note that
© is not surjective in general.

Let us consider the null cones

N=y ' 0)cW, NF=@w*)'0)cw*,

where 1 : W+ — s/, is the restriction of ¢ to W=.
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Proposition 4.3. Assume the stable range condition m + n < min(p, q).

(1) The null cone M = NT x N~ is an irreducible normal variety, which is of
complete intersection in the set theoretic sense.

(2) There are finitely many K¢ x K¢-orbits in M, which are completely classified
by the ranks of each component in NE. Among them, there is an open dense
K¢ x Kg-orbit Oy, n, which is a single Kc-orbit. Moreover, the singular locus
is of codimension > 2.

(3) The regular function ring C[N] is isomorphic to the harmonics H(K¢) =~
HY(KS)@H™ (K¢ ) as a Ke x K{-module. Its decomposition is explicitly given as

S5}
CO )= HHES) > > n By B (I R,
a€EPy,,BEP,
— — — ® m n)x
CMT )| >H (Kg) ~ Z Té(gég(ts )|Z’T5)),
YEPm ,0€EPy,

where, for partitions o € Py, and § € P,,, we denote
a@f=a0, 8= (a,a2,...,0m,0,...,0,—fBp,...,—01) € ZP;

and T)(\p) is an trreducible finite dimensional representation of GL,, of highest weight

A

Proof. Put O}, = {(A,B) € Mpmin | "AB = 0,rank A = r,rank B = s} C N+,
Then OF, is a K& x K{-orbit, and dim O}, = r(m+p) + s(n+p) +rs — (r + ).
It is easy to see that O, ,, C M is an open dense orbit and dimN* = dim O, ,, =
p(m + n) — mn, which means M is of complete intersection. The singular locus is
given by
Ojr_z—l,n—l = H O;fs - era
r<m-—1,s<n—1

which is of codimension > 2. The rest of the proof is similar to that of Proposition

41
The decomposition of harmonics is given in [I2] Th. 2.5.4]. O

4.3. Sp(p,q) x O*(2n) (n < min(p,q)). Put G = Sp(p,q) and G' = O*(2n), and
assume the stable range condition n < p,q. We denote

M=U@p2) >  G=Sppaq) M =0"(m)* 5 G'=0"(2n)
U U @] U
_ 7+ - _ Kt -
L=L"xL O K=K"xK L'= K x K’ % K’:U(n)
=U(2p) x U(2q) = Sp(p) x Sp(q) = U(n)?
Put

A
W = Mapszan(©) = { () 14.€ Mapal©), B € Mayn(©)
=Wte W™ = My, ,(C) ® My, ,(C).

The complexified groups K¢ = Sp(2p, C) x Sp(2¢,C) and K = GL,(C) act on W

as
AN [ mA'g (k1. k2) € Sp(2p, C) x Sp(2q,C),
B tky 'Bg~' )’ g€ GL,(C).
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We fix Cartan decompositions g =¢t@ s and g =¥ $ s’ as

epproge) - (PEOL 0N 0| Mona
! p 0 ‘ s5p(2¢, C) Jq " Map,2qJp ‘ 0

=tds, J,= <01 101)),
P

!/ _ C) = Mn((C)‘ 0 0 ‘Altn((C) =¥ !

Thus, we can identify s = M 24(C) and 8" = s/, & " = Alt ,(C) @ Alt ,(C). The
moment maps are explicitly given by

(p:WB(é)l—u‘ltBEs, w:W9<g>M(tAJpA, ‘BJ,B) € ¢’

These maps are clearly K¢ x K(-equivariant with the trivial K¢-action on s, and
the trivial K{-action on s respectively. They induce algebra morphisms ¢* and 1*:

Zz,j E Q; kbj k> (Zi,j) S M2p,2qa

A= (ai,j) € Moprn, B = (bi;) € Magn,

*(4,5) Zakﬂ? ik, + Z Ak, iGkpjs X = (T45) € Alty,
k=1

“(Yig) Zbl+q,ibl,j + Z biibivqs, Y = (yi;) € Altn.
=1 =1

Classical invariant theory tells us that ¢*(z;;)’s generate the GL,-invariants
C[W]Xe, and that t(z; j)*’s (vesp. (y;;)*’s) generate the K& = Sp(2p,C)-
invariants (C[WﬂKE’ (resp. Kz = Sp(2q,C)-invariants C[W~]%c ). This shows
that ¢ and v are affine quotient maps. By the assumption of the stable range,
n < p,q, the map ¢ : W — s’ is a surjection, and we have C[s'] ~ C[W]%¢, C[s/.] ~
CW*]KE,

Let us define the null cones by

N=y H0)CW, N = (")) c W™,
where ¢* : W+ — ¢/, is the restriction of ¢ to W*.

Proposition 4.4. Assume the stable range condition n < p,q.

(1) The null cone M = NT x N~ is an irreducible normal variety, which is of
complete intersection in the set theoretical sense.

(2) There are finitely many K¢ x K¢-orbits in N, which are completely classified
by the ranks of each component in M. The full rank orbit O, ,, is an open dense
K¢ x K{-orbit in M, which is also a single Kc-orbit. The singular locus of M is of
codimension > 2.
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(3) The regular function ring C[N] is isomorphic to the harmonics H(Kc) ~
HY(KS) @ H(K:) as a Kc x Ki-module, and we have

(&) (&)
CM*] ~ HJF(KE') ~ Z Jg\p)* X Tin)*; CMT ] ~H (Kg) ~ Z O'g\q) X T)(\n),
AEP, AEP,

where og\p) denotes an irreducible finite dimensional representation of Sp(2p, C) with
highest weight A € P,,.

Proof. Put
Of ={A€ My, | 'AJ,A=0,rank A = r} C N7,
O, ={B € My, | '"BJ,B=0,tank B = s} C N".
Then O, , = O x Oy is a single K¢ x K{-orbit and

-1 1
dim O =r(2p+n) —1? - T(TT)’ dim O} = s(2¢ +n) — s — 8(52 —).

It is easy to show that O C 9* is an open dense orbit and

-1 1
which tells us that M (resp. MF) is of complete intersection. The singular locus is
given by

I oF c»*,
r<n—2

which is of codimension > 2. The rest of the proof is similar to that of Proposition

41
The structure of harmonics is given in [I2, Th. 3.8.6.2]. O
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